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1 
Let G be a finite group. A series of subgroups 
1 = G,, q Gl CI ... u G, = G (1) 
will be said to normalize a subgroup H of G if G,-,H Q G,H for each 
integer Y with 1 < r < n. If H is normalized by (l), then His subnormal in G, 
and the defect of H in G, that is, the least integer m for which there is a series 
H = H, -a H, CI ... CI H, Q G, 
is obviously at most n. Suppose that P is a Sylowp-subgroup of G, and suppose 
that the series 
I = P, q PI Q ... Q P, = P (2) 
normalizes every subgroup of P. It follows easily from Satz 4.4 of Wielandt 
[5] that the series 
1 = PO Q PIG Q .-. d PnG Q G 
of normal subgroups of G normalizes every subnormal subgroup H of G 
which is generated by its p-subgroups (or, equivalently, which has no non- 
trivial @-quotient groups). Taking for (2) the upper central series of P, we 
deduce that H has defect at most one greater than the nilpotency class of P. 
In this note, we find series which normalize perfect subnormal subgroups 
H generated by their p-subgroups, and thereby deduce bounds for their 
defects in terms of other invariants of a Sylow p-subgroup P. Writing, 
respectively, 3P) and Kr for each integer Y to mean the rth term of the 
derived series of a group K and the subgroup generated by the rth powers of 
the elements of K, we may state 
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THEOREM l%. Let G be a jkite group, and suppose that G has a ?$&.w.J 
p-subgroup P of derived length d and exponent pe. The% all perfect ~~~~~~~ 
subgroups N generated by their p-subgroups are normalized by the two series 
1 4 pa--1))G Q . . . Q (P)G Q PG Q G (3) 
and 
1 q (p+)G 4 . . . 0 (P”)” u PG 4 G. (4) 
2% particular, such subgroups N have defect at most ~lin(d + I: e $ l), OY, 
if G is generated by its p-subgroups, at most min(d, e). 
We shall show that the bounds given here for the defect of Ii are best 
possible, and also discuss bounds in terms of other invariants of P, 
The Feit-Thompson theorem allows us to conciude from Theorem A 
that the defects of all perfect subnormal subgroups of G are bounded by 
min(d, + 1, ea + l), where d, and 2~ are the derived length and exponent 
of a Sylow 2-subgroup of G. A result relating to all perfect subnormal 
subgroups and independent of the Feit-Thompson theorem, though no 
longer in general best possible, is 
THEOREM B. Let G be a$nite group and let T be a set of primes containing 
some divisor of the order of each perfect composition factor of 6. If for each 
p E 7~ a Sylow p-subgroup of G has derived length d, and exponent p”~, t 
there is a series (1) of normal subgroups of 6, with length 
which normalizes all perfect subnormal subgroups of 6. 
Variations on Theorem B may be obtained by introducing other invariants 
of Sylow subgroups. Results like Theorems A and B have been useful in the 
investigation of the serial structure of certain locally finite groups. 
2 
Of course, all we have to do to establish Theorem A is show that every 
perfect subnormal subgroup H generated by its p-subgroups is normalized 
by each of the subgroups (PE-~))~ and (Pp’-l)G; the conclusion of the 
Theorem then follows from a simple induction argument. Our first step is to 
show that a normal subgroup N normalizes every such W if and only if each 
chief factor of N of order divisible by p is simple or Abelian. Proposition I 
is a more general result, the case we require being the one in which X is the 
class of finite p-soluble groups. 
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PROPOSITION 1 .l Let X be a class of groups, containing all jinite Abelian 
groups, and closed with respect to extensions, homomorphic images and noTma 
subgroups. Write C(X) for the class of groups each of whose chief factors is 
simple 0~ an X-group. 
(a) If G is a group with a Jinite composition series and if N is a norma. 
C(X)-subgroup of G, then N normalizes every subnormal subgroup H of G 
having no nontrivial X-quotient groups. 
(b) A group N with a finite composition series is a C&)-group if and 
only if every subnormal subgroup having no nontrivial X-quotient groups is 
normal in N. 
Proof. Suppose (a) false; then there is a minimal subnormal subgroup 
H of G with respect to having no nontrivial X-quotient groups and not being 
normalized by N. We may assume that G = HN and that fi (Hg; g E G) = 1. 
Thus every proper nontrivial normal subgroup of H has nontrivial X-quotient 
groups, and so is an X-group, since X is closed with respect to extensions. 
It follows that H has a unique maximal normal subgroup A4. We set L = MG, -- 
and write H, N, and G for the images of H, N and G in GIL. Because ME X 
we have L E 3, and therefore because H 4 X we have H # 1. Thus R is a 
perfect simple subnormal subgroup of G, and B” is the direct product of the 
conjugates of fl. If i? 4 N, then 
-- - 
g7” = gn = H[H, N] = g x [g, N], 
and any conjugate of E distinct from A lies in the normal subgroup n; 
therefore R = R”. Otherwise R ,< fl, and i7” = n’ is a minimal normal 
subgroup of m, and so is simple, since NE C(X). Thus in each case p = R”, 
and HG = HL. 
Now HL/(HHL) . 1s a homomorphic image of L, and so is an X-group. 
On the other hand, HL = HG is generated by subnormal subgroups iso- 
morphic to H, and therefore can have no nontrivial X-quotient groups. We 
conclude that HHL = HL, and, because His subnormal in HL, that H = HL. 
Thus HG = HL = H, and H is normalized by N. However this is a contra- 
diction to the choice of H, and (a) follows. 
(a) implies in particular that if N is a C(X)-group with a finite com- 
position series, then every subnormal subgroup of N having no nontrivial 
X-quotient groups is normal. Now suppose that N has this latter property 
and has a finite composition series. Suppose, if possible, that K/L is a chief 
factor of N which is not an X-group; then K/L is a direct product of perfect 
1 It has been drawn to the author’s attention that a result similar to Proposition 1 
appears as Folgerung 6.8 in M. Selinka, Ph.D. Dissertation, Tiibingen 1973. 
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simple groups. Let &F/L be a simple direct factor of R/k. JVriting N for the 
intersection of all normal subgroups R of M with lLf/ we have M/H E X 
and M/L $3, so that M = HL. But H has no nom ix-quotient groups, 
so that Q N. Because L 4 N, it follows that M = HL Q N and that 
I! = K; thus K/L is simple and (b) is proved. 
If we require only that the groups considered in Proposition 1 satisfy the 
minimal condition for subnormal subgroups, instead of having finite com- 
position series, then the conclusions remain valid, and the proof requires 
only minor changes, provided that X has the foo!lo-wing additional dosure 
property: whenever a group H satisfying the minimal condition for subnormal 
subgro-ups is a nested union of a family of normal X-subgroups, then N is an 
n particular: the class of soluble groups has this property (cf. 
Robinson [3, pi 323). 
3 
The following lemma provides the link we need between the composition 
and Sylow structures of a finite group. 
LEMMA I. Let G be a jkite group, with a pe$ect no?mal subgroup 
K =L, x L, x ... x L,, , 
with each Li simple and of order divisible by the prime p. Let AT be the intersection 
of th,e normalizers in G of the subgroups Li , and let S be a subgroup of a Sylow 
p-subgroup P of G. Then S normalizes a subgroup Q c$ P, whose centralixer 
is S is S n LV, such that Q is isomorphic as an S/(S n NJ-operator group to 
the base group of a wreath product C 1 S/(S n N), with Sj(S n IV) act&g i~ 
some ~a~t~~~~~, not necessarily transitive, pern~utational ~ep~ese~tatio~, and with 
C a group of order p. 
Prooj. S permutes by conjugation, with kernel S n N, the subgroups 
L, > L, 111.5 L, . Let {La ,..., L6) = X be a typical orbit, and let (ta ,~D., tJ be a 
set of coset representatives of the normalizer R ofI., in S, with (~,)-‘ie,i~ = L, 
for each I.+, E X. The subgroup L, n P is a Sylow p-subgroup of IL,, and is 
therefore nontrivial and normalized by R; thus L, IT P contains an element 
c, of order p which lies in the centre of (L, IT P)R. The normal closure Qx of 
C, in (c~ , S) is just the direct product of the subgroups generated by the 
elements (t,,, c,t, of P, and these elements are permuted under conjugation 
by S. If such a subgroup Q, is chosen for each orbit X, and if Q is the join 
of the subgroups Qx , it is clear that Q has the required properties. 
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4 
In order to apply Lemma 1, we need information relating the derived 
lengths and exponents of the subgroups P and S/(S n N) mentioned in 
Lemma 1. This is very easily obtained except in the case when p = 2. In 
preparation for this case, we prove 
LEMMA 2. Let S be a 2-group of derived length d, permuting faithfully 
and transitively a jinite set Y. For some y E Y and for some sequence s,, , 
s, ,.,., sdwl of elements of S with si E Sfi’ for 1 < i < d, there is an element 
z E Y uniquely expressible in the form 
% = yQl *** si r 
withO<r\(dandwithO,<i,<...<i,<d. 
Proof. Suppose otherwise, and let S be chosen violating the conclusion 
of the Lemma with minimal possible derived length d. Obviously d > 1, 
and S’(l) acts as a permutation group of derived length exactly d - 1 on each 
of its orbits. Therefore for some y E Y and for some sequence s1 ,..., sdP1 
of elements of S with si E So) for 1 < i < d, there is an element z of Y 
uniquely expressible in the form 
with 1 < ir < .** < i, < d. But for each s E S we must have 
for some 1 <jr < ... <j, < d; and since there are only 2”-l choices for 
the sequence j, ,..., j, we conclude that there are at most 2d-’ elements ys 
with s E S. Thus S is isomorphic to a subgroup of the symmetric group Z 
on 2d-l symbols. However the Sylow 2-subgroups of 2 are iterated wreath 
products of d - 1 groups of order 2 (cf. M. Hall [l, p. 81]), and, in particular, 
obviously have derived length at most d - 1. Therefore S cannot have 
derived length d, in contradiction to our hypothesis, and Lemma 2 is 
established. 
We may now prove 
LEMMA 3. Let P = (S, Q) be a p-group, where Q 4 P, and let M be the 
centralizer of Q in S. If Q is isomorphic as an S/M-group to the base group of a 
wreath product W = C 1 S/M, where S/M acts according to some permutational 
representation and where C is a group of order p, then the derived length and 
exponent of P are greater than those of S/M. 
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We prove first the statement concerning derived lengths. Let d be the 
derived length of S/M = S, . If Sid-‘) has an orbit y, yr , yz ,..’ of length at 
least 3, then we may choose sr and s2 in P--l) with ysr = yr and ysa = y2 i 
and, in an obvious notation, 
is a nontrivial element of P). In the remaining case in which all orbits of 
SI’-‘) have length at most 2 we have p = 2, and we use Lemma 2. S, acts 
on one of its orbits as a permutation group of derived length 6, and we may 
choose y in this orbit and a sequence sO ,...) sddl of elements of S with si E Sti) 
for 1 < i < d, such that some z is uniquely expressible in the form 
x = ysil '.. si r 
with i1 < ... < i, < d. The commutator fc, , sO ,..., s&l is an element of 
Pa), and is equal to the product of the 2d elements cyh as iz runs throug 
products 
s. -*- sj, 31 
withj, < ... <j, < d; thus its component in (cJ is nontrivial, and we have 
again P) + 1. 
We now turn to the assertion of the Lemma concerning exponents. 
may suppose S/M cyclic, of order 4, say. If MS is a generator of S/M and 
if y is an element of an orbit on which S/M acts faithfully, then 
and the exponent of P exceeds that of S/M. 
This completes the proof of Lemma 3. 
5 
We next prove 
P~OPOSITIQN 2. If P # 1 is a Sylow p-subgroup of tke jkite group G am? 
if P has derived length d and exponent pe, then the subgroups (P(d~l))G and 
(PP’-‘)~ have all chief factors of order divisible by p simple OY Abe&m. 
Proof. Let L,/M, ,..., L,.jMV be the perfect chief factors of G of order 
divisible by p in some chief series C of G, and, for each i, let N,/M< be the 
intersection of the normalizers of the direct factors of %JMi . We set 
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V = n A$ . Applying Lemma 1 and Lemma 3 in the quotient group G/M, , 
we find that the derived length and exponent of PNJN, are less than those 
of P for each i, so that V contains both P+-l) and Pp”-l. The series C may be 
refined to a series of V-subgroups in which every non-Abelian factor of order 
divisible by p is simple. Thus, by the Jordan-Holder theorem, all perfect 
chief factors of V of order divisible by p are simple; and the same applies to 
the normal subgroups (P(+l))G and (P”“-‘)G of V. 
According to Proposition 1 and the remarks preceeding it, Theorem A 
follows immediately by induction from Proposition 2. It is perhaps worth 
stating another simple consequence of Proposition 2. 
PROPOSITION 3. With the hypotheses and notation of Theorem A, the 
factors in the series (3) and (4) h sue all chief factors of order divisible by p 
simple OY Abelian. 
For the proof of Theorem B we require a further Lemma, whose easy 
proof will be omitted. 
hvmA 4. Let X be a class of characteristically simple groups, closed with 
respect to normal subgroups, and suppose that G is a group with a$nite composi- 
tion series. If, for normal subgroups V, ,..., V, , each group G/V, has a series 
of normal subgroups of length at most n, each factor of which has all of its chief 
factors in 3, then so has G/n (Vi ; 1 < i < Y). 
We now assume the hypotheses of Theorem B. Taking for X in Proposition 
1 the class of finite soluble groups, we see that it is sufficient to establish the 
existence of a series of normal subgroups of length at most 
m = 1 + c min(d, , e,), 
Pel 
the factors of which have all of their non-Abelian chief factors simple. We 
proceed by induction on m, the result being clear for m = 1. 
Let P # 1 be a Sylowp-subgroup of G withp E r. Write d = d, , e = e, , 
and V, = (P(B-l))G (P”“-I)“. Th en the derived length and exponent of the 
Sylow p-subgroup PV,/VD of G/V, are less than those of P, hence, by our 
,induction hypothesis, G/V, has a series of normal subgroups of length at 
.most m - 1, the factors of which have all of their non-Abelian chief factors 
simple. So also does G/r) V, , from Lemma 4 with X taken as the class of all 
elementary Abelian and all simple groups. But each perfect chief factor of 
n V, is divisible by some p E Z-, and so, by (the argument of) Proposition 2, 
is simple. Thus G has a series of length at most m with the required 
property. 
ON PERFECT SUBNORMAL SUBGROUPS 249 
We now show, by considering subnormal subgroups of permutational 
wreath products, that the bounds for the defects of certain subnormal 
subgroups given by Theorem A are best possible. We need 
h3MMA 5. Let Gl ,..., G, be nontriz:id transitive $ermutation groups. Then 
the iterated wreath product 
W = G, )\ ... 1 6, 
has subnormal subgroups of defect n. If Gl )..., G+, are perfect and have no 
nontrivial p’-quotient groups, then W has perfect s~brn~~~~l subgroups of defect 
n which have no nontrivial p’-quotient groups. 
Assuming the Lemma, and taking Gr ,..., G,_, to be isomorphic as per- 
mutation groups to the alternating group A, on p symbols (where we suppose 
p 3 5), and G, to be of order 2, then a Sylow p-subgroup of W is an iterated 
wreath product of n - 1 groups of order p, and so has derived length n - 1 
and exponent pn-r. If instead we take Gi ,..., Gn all isomorphic to R, , 
then W is generated by its Sylow p-subgroups, and these have derived length 
n and exponent pn. Similarly for p = 2 and p = 3 we may take Gr ,...) Gael 
isomorphic to A,. In all cases the Lemma guarantees that W has perfect 
subnormal subgroups of defect n with no nontrivial p’-quotient groups. 
To prove Lemma 5, we argue by induction on n. We recall that the normal 
clcisuse series of a subgroup X in G is the series of subgroups defined 
inductively by X0 = G and X,+l = Xxr for r 3 0; and that X is subnormal 
of defect n in G if and only if X = X;, < X,-r . The Lemma is obviously 
true for n < 2. We assume 72 > 2 and write H = Gr 1 ... 1 G,, , so that 
W = 4-6 1 G, . By induction, we may assume that has a subnormal sub- 
group K of defect n - 1, and we may further assume that K is perfect and 
has no nontrivial $-quotient groups if 6, ,...9 G,-, have these properties. 
The base group D of H 1 G, is the direct product of groups Bf, isomorphic 
to H indexed by the elements of the set Y permuted by G, I We choose 
distinct elements y and x of Y and -write M = H, x RZ . Then the normal 
closure of M in W is D, and for each integer Y > 0 the (r + 1)th term of the 
normal closure series of M in W is the direct product of H, with the rth 
term of the normal closure series of K, in Hz . Thus M is subnormal in W 
with defect a, and if K and G1 ,..., G,-, are perfect groups with no nontrivial 
PI-quotient groups, so also is M. 
This completes the proof of Lemma 5. 
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In conclusion, we discuss briefly bounds for the defects of perfect sub- 
normal subgroups of a finite group G in terms of other invariants of a Sylow 
p-subgroup P of G. 
If Y denotes the minimal number of generators of P, it follows from the 
Theorem of Tate [4] and an argument of Huppert [2] that each chief series 
of G has at most Y perfect chief factors of order divisible byp; and hence by 
Proposition 1 that every perfect subnormal subgroup H with no nontrivial 
p’-quotient groups is normalized by a series of length at most Y + 1 and has 
defect at most r + 1. The methods of Section 6 above show that, for p odd, 
this bound for the defects of such subgroups H is best possible. 
Let s denote the least integer such that every subgroup of P is generated 
by s elements. Any perfect chief factor L/M of order divisible by p will be a 
direct product of at most s simple groups permuted, with kernel N/&l, say, 
by the elements of G/M. If V denotes the intersection of all normal subgroups 
N derived in this way from perfect chief factors of G of order divisible byp, 
then V has all perfect chief factors of order divisible by p simple; and G/V 
can be embedded in a direct product of copies of the symmetric group on 
s symbols, and in particular has Sylow p-subgroups of derived length at most 
[log, s]. Thus, from Theorem A and Proposition 1, all perfect subnormal 
subgroups having no nontrivial PI-quotient groups are normalized by a series 
of length at most [log, s] + 2. 
We finally consider bounds in terms of the Engel length of P; this is the 
least integer Jz such that every commutator 
with x and y in P, is trivial. It is not hard to prove 
LEMMA 6. Let R = (Q, S> be a p-group, where Q 4 R, and let M be the 
centralizer of Q in S. If Q is isomorphic as an S/M-group to the base group of 
some wreath product C 1 S/M, where C is a group of order p, and if S/M has 
exponent pe, then the Engel length of R is at least pe - 1. 
Arguing as in the proof of Proposition 2 and using Theorem A, one sees 
that G has a series of length at most [log,(h + l)] + 2 normalizing all perfect 
subnormal subgroups having no nontrivial p/-quotient groups. If every cyclic 
subgroup of P has defect at most K in P, then h < K + 1. It follows that the 
defects in G of perfect subnormal subgroups having no nontrivial p’-quotient 
groups are bounded in terms of the defects in P of the cyclic subgroups of P. 
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